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Abstract 

In this paper, we investigate the use of genetic algorithms 
(GAs) for solving a class of constrained nonlinear integer 
programming models. Both binary and real coded genetic 
algorithms with seven different penalty functions are 
developed. The computational results for all seven penalty 
functions, with both GA codings, are compared and 
analysed. It is clear from the experiment that the 
performance of these methods varies a lot with the problem 
structure. 
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Introduction 
Consider a general constrained nonlinear integer 
programming problem. There are several existing 
conventional methods to solve nonlinear program such as 
penalty function, barrier function, reduced gradient, and 
other methods. In the penalty and barrier function methods, 
the unconstrained subproblem becomes extremely ill-
conditioned for extreme values of the penalty/barrier 
parameters. Reduced gradient methods have difficulties 
following the boundary of high nonlinear constraints. 
These methods rely on local gradient information; the 
optimum is the best in the neighborhood of the current 
point. To enhance the reliability and robustness of the 
search technique in constrained optimization, a GA based 
search method incorporating several penalty functions is 
tested in this paper. 

We choose a GA as a heuristic because it is well known for 
its success and ease of implementation. Like the 
conventional optimization approach, the GAs used the 
penalty function method to convert the constrained 
problems into unconstrained problems. There are a number 
of methods available in the literature that have not been 
assessed in depth for their applicability for solving 
constrained optimisation problems. In this paper, seven 
penalty functions base GAs are investigated to find their 
suitability for solving a class of nonlinear integer programs. 

We use both binary coding and real coded genetic algorithms 
w i t h   different c r o s s o v e r s  and mutations. Usually the binary 
codmg 1s recogmzed as the most suitable encoding for any 
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problem because it maximizes the number of schemata 
being searched implicitly (Holland, 1975 and Goldberg, 
1989), but there have been many examples in the 
evolutionary computation literature where alternative 
representations have provided for algorithms with greater 
efficiency and optimization effectiveness when compared 
with identical problems (see e.g. articles by Back and 
Schwefel, (1993) and Fogel and Stayton, (1994) among 
others). Davis (1991) and Michalewicz (1996) comment that 
in many applications real-values or other representations 
may be chosen to advantage over binary coding. There does 
not appear to be any general benefit in maximizing implicit 
parallelism in evolutionary algorithms, and, therefore, 
forcing problems to fit to a binary representation is not 
recommended. In our case, the real coded genetic algorithm 
works better than binary coding. The detailed computational 
experiences are presented. 

The organization of the paper is as follows: following this 
introduction, this paper presents a brief introduction on 
penalty function methods and then on genetic algorithms. In 
section 4, a mathematical model is presented. In section 5, 
the different parameters for solving the model using GAs 
are discussed. The computational experiences are presented 
in section 6. Discussions and conclusions are provided in 
sections 7 and 8 respectively. 

Penalty Function Method 

The penalty function method converts the problem into 
an equivalent unconstrained problem and then solves it 
using a suitable search algorithm. In general a penalty 
function approach places the constraints into the 
objective function via a penalty parameter in such a way 
that it penalizes any violation of the constraints. The 
modified problem is known as a penalty problem. 

The solution to the penalty problem can be made 
arbitraily close to the optimal solution of the original 
problem by choosing the penalty parameter sufficiently 
large. However, if we choose a very large penalty 
parameter and attempt to solve the penalty problem, we 
may get into some computational difficulties of ill-
conditioning (Bazaraa and Shetty, 1979). With a large 
penalty parameter, more emphasis is placed on 
feasibility, and most procedures for unconstrained 
optimization will move quickly toward a feasible point. 
Even though this point may be far from optimal, 
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premature termination could occur. As a result of the above 
difficulties associated with large penalty parameters, most 
algorithms use penalty functions that employ a sequence of 
increasing penalty parameters. With each new value of the 
penalty parameter, an optimization technique is employed, 
starting with the optimal solution corresponding to the 
previously chosen parameter value. 

It is very difficult to choose an appropriate penalty 
coefficient (Michalewicz, 1995). A lower value of penalty 
coefficient means a higher number of iterations required to 
solve the penalty problem. The following seven methods, 
for selecting penalty coefficient, are used in this paper. 

Static Penalties 

The method of static penalties (Homaifar et al., 1994) 
assumes that for every constraint we establish a family of 
intervals that determine the appropriate penalty coefficient. 
It is clear that the results are parameter dependent. A 
limited set of experiments reported by Michalewicz (1995) 
indicate that the method can provide good results if 
violation levels and penalty coefficients are tuned to the 
problem. We use three levels of fixed penalty coefficients 
for each constraint: 0.5, 0.5x103 and 0.5x106. 

Dynamic Penalties 

Joines and Houck (1994) proposed dynamic penalties. The 
authors assumed that = (Ck)a, where C and a are 
constants. A reasonable choice for these parameters is C = 
0.5, and a = 2. This method requires a much smaller 
number (independent of the number of constraints) of 
parameters than the first method. Also, instead of defining 
several levels of violation, the pressure on infeasible 
solutions is increased due to the (Ck)a component of the 
penalty term: towards the end of the process (for high 
values of the generation number k) this component assumes 
large values. 

Annealing Penalties 

The method of annealing penalties, called Genocop 11 (for 
Genetic algorithms for Numerical Optimization of 
Constrained Problems) is also based on dynamic penalties 
and was described by Michalewicz and Attia (1994) and 
Michalewicz (1996). In this system, a fixed is used for 
all constraints of a given generation k, where = An 
initial temperature is set and is used to evaluate the 
individuals. After a certain number of generations, the 
temperature is decreased and the best solution found so 
far serves as a starting point for the next iteration. This 
process continues until the temperature reaches freezing 
point. 

Genocop proved its usefulness for linearly constrained 
optimization problems; it gave a surprisingly good 
performance for many functions (Michalewicz et al., 1994 
and Michalewicz, 1996). Michalewicz and Attia (1994) 
proposed the control parameters to be = 10. where 
= 1 and remains constant once it reaches 1x10-6 
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Adaptive Penalties 

Adaptive transformation attempts to use the information 
from the search to adjust the control parameters. This is 
usually done by examining the fitness of feasible and 
infeasible members in the current population. Bean and 
Hadi-Alouane proposed an adaptive penalty method in 
1992 which uses the feedback from the search process 
(see Michalewicz and Schoenauer, 1996). This method 
allows either an increase or a decrease of the imposed 
penalty during evolution as shown below. This involves 
the selection of two constants, and > > 1), to 
adaptively update the penalty function multiplier, and the 
evaluation of the feasibility of the best solution over 
successive intervals of Nf generations. As the search 
progresses, the penalty function multiplier is updated 
every Nf generations based on whether or not the best 
solution was feasible during that interval. 

The parameters were chosen to be similar to the 
above methods with N,= 3, = 5, = 10 and = 1. In 
our experiments, we increased the values always by 10. 

Death Penalty 

The death penalty method just rejects infeasible 
individuals. It can be interpreted as a truncation selection 
based on a(x) and then followed by a selection procedure 
based on f(x). In this method, the initial population must 
be feasible. In the expedments reported by Michalewicz 
(1995), it was shown that the method generally gives a 
poor performance. Also, the method is not as stable as 
others; the standard deviation of solutions returned is 
relatively high. 

Superiority of Feasible Points 

The method of superiority of feasible points was 
developed by Powell and Skolnick (1993) and is based on 
a classical penalty approach, with one notable exception. 
Each individual is evaluated by the formula: fp(x) = j(x) 
+ [  (x )  +  (t, x)], where is a constant; however, the 
component  ( t ,  x) is an additional iteration-dependent 
function that influences the evaluation of infeasible 
solutions. The point is that the method distinguishes 
between feasible and infeasible individuals by adopting 
an additional heuristic rule: For any feasible individual x 
and any infeasible individual y, fp(x) < fp(y) (i.e., any 
feasible solution is better than any infeasible one). The 
penalties are increased for infeasible individuals. The 
method performs reasonably well. However, for some 
case problems, the method may have some difficulty in 
locating a feasible solution (Michalewicz, 1995). 

Faster Adaptive Method 

In constrained optimisation, we have two things to do (i) 
satisfy the constraints (finding feasible solution) and (ii) 
opt1m1ze (maximizing/minimizing) the objective 
function. In the majority (in fact all) of the penalty 
methods, it is not clear whether the transformed fitness 
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function is ignoring the constraints (penalty coefficient 
too small), ignoring the objective function (penalty 
coefficient too large), or some combination of the two. 
We are interested in finding good objective values but at 
the same time we would like to ensure feasible solutions. 
Therefore, it is necessary to find a penalty coefficient 
which appropriately balances the dominance of the 
objective and penalty functions. By this we mean 
competitions which will be determined completely by the 
objective or the penalty functions. However, it is difficult 
to determine an exact optimal value for which will 
balance the dominance of the penalty and objective 
functions. Therefore, we use a simple method of 
approximating its value. This is done by simulating a 
number of competitions between randomly selected pairs 
and computing their corresponding critical penalty 
coefficients. The average of these computed critical penalty 
coefficients will then be used to determine the value for 
It is then used as the approximated value for which will 
decide the actual fitness value of an individual. In this 
manner the penalty coefficient is determined by the current 
population only. The details of the method can be found in 
Sarker et al. (2001). 

Introduction to GA 
During the last two decades there has been a growing 
interest in algorithms which are based on a principle of 
evolution - survival of the fittest. A common term, 
accepted recently, refers to such techniques as 
evolutionary computation (EC) methods. The best known 
algorithms in this class include genetic algorithms, 
evolutionary programming, evolution strategies, and 
genetic programming. There are also many hybrid systems 
which incorporate various features of the above paradigms, 
and consequently are hard to classify; they are generally 
referred to as EC methods (Khouja et al, 1998). The 
methods of EC are stochastic algorithms whose search 
methods model some natural phenomena: genetic 
inheritance and darwinian strife for survival. 

GAs follow a step-by-step procedure that rrum1c the 
process of natural evolution, following the principles of 
natural selection and "survival of the fittest". In these 
algorithms a population of individuals (potential solutions) 
undergoes a sequence of unary (mutation type) and higher 
order (crossover type) transformations. These individuals 
strive for survival. A selection scheme, biased towards 
fitter individuals, selects the next generation. This new 
generation contains a higher proportion of the 
characteristics possessed by the "good" members of the 
previous generation, in this way good characteristics are 
spread over the population and mixed with other good 
characteristics. After a number of generations, the program 
converges and the best individuals represent a near-
optimum solution. The GA procedure can be found in 
Michalewicz's treatment (Michalewicz, 1996). 

Test Problems 
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We consider the following two nonlinear integer programs 
which are slightly modified from Sarker et al (2001): 

Problem A 

Subject to 
x2x1  30 
x2x1 25 

x2 13 
x1 , x2 0 and integers 

Problem B 

M . . . Z 2x10 5 12xl06 l0x10 6 1 8 . 4 x l 0  6inimize =--+--+--+---
x4 X4X1 X 4 X 2  X4X3

+961x4 +250x4x1 + 1 2 0 x 4 x 2  +225x4X3 

Subject to 
5x4x1 + 2.2x4x2 + 3.6x4 x3 4000 
5x4xi+ 2.2x4 x2 + 3.6x4 x3 2000 

x4  2 0  

x 1,x2 , x3 , x4 0 and integers 

Solving the Model using Genetic 
Algorithms 
Two types of genetic algorithms were tested: a Simple 
Genetic Algorithm (SGA) and a Real Coded Genetic 
Algorithm (RGA). We generate binary strings to 
represent the variable values in the binary coding GA and 
real numbers in the real coding GA. The parameters 
required in defferent penalty methods as per the literature 
are as follows: 

Static Penalties: penalty coefficients used 0.5, 
0.5x10 3 and 0.5x106 

Dynamic Penalties: parameters used C = 0.5, a 
=2. 
Annealing Penalties: parameter selection = 
1/2 , k + 1  = 1 0 . k ,  where o =  1 and k  r e m a i n s  
constant once it reaches 1xl06

• 

Adaptive Penalties: parameters chosen Nf = 3, 
= 5, = 10 and = 1, and the values 

were increased by 10. 

We use a population size of 50, as commonly used by 
many researchers. The fitness function is the penalty 
objective function (original objective function plus the 
penalty function) in case of constrained optimization. For 
binary coding, each string is decoded into its decimal 
equivalent. This gives us a candidate value for the 
solution. This candidate value is used to calculate the 
fitness value. For real coding, we use the variable values 
directly. 
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We use two-point crossover as it is the general choice in 
many binary coding genetic algorithms since that 
minimizes disruptive effects (for further discussion on 
disruptive effects see Booker (1997)). We use a heuristic 
crossover for real coding GAs as suggested by Fogel 
(1997) and Michalewicz (1996). In this crossover, the 
operator generates a single offspring x3 from two parents x1 
and x2 according to the following rule: x 3 = rounded[r.(x2 
- x1) + x2], where r is a random number between 0 and 1, 
and the parent x2 is no worse than x1• Actually, when the 
generated value x3 is out of bounds (upper and lower 
bounds) it is set equal to the corresponding violated bound. 
Also, note that x1 and x2 are "parent variables" not parents. 
Also x3 is rounded to integer after crossing. This is not 
required for binary coding. Rounding is also performed 
after the mutation operator. 

We used Nonuniform mutation for real coding GA. In this 
mutation, we set the system parameter b ( =6r+ 1) that 
determines the degree of non-uniformity (see Michalewicz 
et al., 1994). 

All GA runs have the following standard characteristics: 

Probability of crossover: l.O 
Probability of mutation: 1/(string length of the 
chromosome) 
Population size: 50 
Number of generations in each run: 200 
Number of independent runs: 300 
for SGA: binary coding, two point crossover, and 
bit-wise mutation. 
for RGA: heuristic crossover and non-uniform 
mutations 

Computational Results 

We solved the models described in an earlier section using 
all seven different penalty function methods. The best 
solution found for Problem A was: Xt = 13 and x2 = 10 with 
Z = $l.8483E5 and for problem B was: x1 = 15, x2 = 15, X3 

= 19, and x4 = 19 with Z = $3.3531E5. The problem B was 
investigated by changing its right hand sides (RHS) as 
follows: 

Table I: Right hand sides of different test problems 

Problem number 
RHS 1 2 3 4 5 

of 
Constraint 

l 4000 3000 2000 1500 1300 
2 2000 1000 400 300 250 
3 20 18 17 15 13 

The results obtained for the five test problems defined 
above, using all seven methods, are reported in Table 2. 
The figures represent the number of times the solution 
approach hit the optimal solution out of 300 runs, 
expressed in percentage. Problem#! is a loose constrained 
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problem and Problem#5 is the tightest constrained 
problem considered as test problems. Problem#2 is 
tighter than Problem#!, Problem#3 is tighter than 
Problem#2 and so on. As shown in Table 2, the 
performance indicator (percentage of times hitting the 
optimum solution), for all methods, decreases as the 
constraints become tighter and tighter. 

Table 2: Percentage of times the optimum solution was 
obtained by different methods (for real coded GA) 

Problem number 
Method l 2 3 4 5 

Faster Adaptive l00  100 80 64 49 
Death Penalty 100 90 9 6 5 
Superiority of 36 30 7 3 2 
Feasible points 
Dynamic Penalty 100 100 76 52 42 
Annealing Penalty 100 100 74 54 41 
Static Penalty 100 100 78 58 37 
Adaptive Penalty 100 100 73 58 38 

The binary coding results for the first test problem are 0, 
1, 0, 1, 1, 1, and 4% respectively. The results are even 
worse with tighter constrained problems. Since they are 
mostly zero, it is not useful to show them in tabular form. 

The results, in terms of percentage of times the optimal 
solution was obtained, are always better with real coded 
GAs as compared to binary coded GAs for all seven 
penalty functions considered in this paper. All the penalty 
functions, except Superiority of Feasible Points, worked 
extremely well with real coded GAs for the first two test 
problems. The results are worse with tighter constrained 
problems as demonstrated in Table 2. The Death Penalty 
method along with Superiority of Feasible Points 
performed badly for tighter constrained problems. 
However, all seven penalty functions, with real coding 
GAs, provide unique optimal solutions for all the test 
problems. These solutions are acceptable irrespective of 
how many times the optimal solutions are generated in a 
single run. The binary coded GAs failed to produce any 
optimal solution for the tighter constrained test problems. 
The Faster Adaptive method seems a bit superior for the 
tighter constrained problems. 

Discussion 
In evolutionary computation, the most suitable encoding 
is always problem dependent. Goldberg (1990) has 
shown that the schema processing is maximum with 
binary coding when solving optimization problem using 
GAs. However, the maximization of the schemata being 
searched is not necessarily always useful, or may be even 
harmful (Fogel and Stayton 1994 ), and there is no 
compelling reason in a real valued optimisation problem 
to act on anything except the real values of the vector x 
themselves. Michalewicz (1996) indicated that for real 
valued numerical optimisation problems, real value 
representations outperform binary representations 
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because they are more consistent and more precise and lead 
to faster execution. 

In the binary string decoding, the decision variables are 
assumed to have a uniform search interval. For non-
uniform but defined search intervals, the above decoding 
function can be suitably modified. However, in real world 
search and optimisation problems, the allowable values of 
the decision variables do not usually follow any pattern 
(Deb, 1997). 

Most of the computation time is devoted to the time taken 
performing a function evaluation. The number of function 
evaluations is therefore a good indicator of the computation 
time required. However the binary coding takes about 15 to 
20% more computational time than the real-coded as it 
requires encoding and decoding of decision variables. It takes 
a few minutes to solve a test problem using all the methods 
used in this paper. 

Table 3: Comparison of transition parameters 

Parameter Binary Real Remarks 
coding coding 

Best Fluctuating Smooth Better value 
objective within a and slowly and 
value (best certain decreasing favourable 
individual) range after after 15 pattern for 

20 generation convergence 
generations in real 

coding 
Mean Fluctuating Smooth Favourable 
objective within a and slowly pattern for 
value certain decreasing convergence 

range in real 
coding 

Mean More or Decreasing Ensures 
penalty less stable after few feasible 
value within a generation solutions 

range of and quickly in 
substantial approaches real coding 
amount to zero 
after 10 after 60 
generations generations 

Penalty More or Fluctuating Good 
coefficient less stable until adaptation 

after 10 penalty in real 
generations value is coding 

zero 

For both binary and real coding, we compared several 
transition parameters in the first 200 generations of GAs in 
solving a tighter problem with the Faster Adaptive method. 
The comparison is tabulated in Table 3. 

Conclusions 
We considered a constrained nonlinear integer program. It 
is difficult to solve such a complex model using the 
conventional optimization algorithms. In this paper, we 
investigate the use of genetic algorithms (GAs) for solving 
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such a model. We used both binary and real coded 
genetic algorithms with seven different penalty functions 
reported in the literature. Five test problems were solved 
and the results were compared and analysed for all seven 
penalty functions with binary and real coded GAs. The 
real coded genetic algorithm works well compared to 
binary coding. The Faster Adaptive method works very 
well compared to the existing methods. Among the 
penalty functions, the Death Penalty method and 
Superiority of Feasible Points were found to be worse. 

More experimentation is required to ensure the 
performance of the Faster Adaptive method of calculating 
penalty coefficients. It also needs to test other types of 
constrained optimization problems such as models with 
continuous variables and mixed integer models. Some 
work should be performed to accelerate the convergence 
of the algorithm. Optimal parameter selection in GAs for 
a class of problems would be very interesting work. 
Developing a set of benchmark problems considering all 
extreme cases to judge the performance of penalty 
functions based GAs would provide a challenge for the 
future. 
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